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ABSTACT

Each elat of a ballistic missile's payload--warhead, guidance and

pemetration aids--vill increase in effectiveness with an increase of weight

aicoated to the elewmt. For a missile that is to be enployed against e-

defended "point* target, ts paper presents a method for aeterming the

opt ia divisitm of the missile's payload between the three ccxpeting (for

Veight) ele.ints, vhen their individual weight-effectiveness relationships

rw known. For the case of a single missile per target, using a most basic

Vpylication of the stepwise optimization philosohy of dynanic progr m ,

the problea is formlalted as a two-stage weight allocation process. The first

stage determizes the optiamr tradeoff between warhead (lethal redius) and

guidance (CZP); the second stage determines the optimm division between

Penetratim aids and an opti-m mix of varbaed and guidance. The sinple

aritmeetical method that results is demonstrated by an exa le. The saw

otiaizatioc process is useful for the cases of sequential and simxltaneous

mi!tiple missile e !oyment per target. Although this design optimization

problem can be solved, functionally, fo the modes of missile p~loymet

~clidered, its applicability to a real allocation problem is confounded by

the desiga, intelligence and eploymet estimates required in the analyuis.

Ue of this method cotuLd ahov, however, the influence of the estimate uncer-

tainties an the OPti1I payload division and could thereby serve as a useful

point of departure for design comromxises.
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BALLISTIC MISSILE PAYLOAD

When determining the design parameters of an item ef equipment, it is

often desirable to employ a quantitative model that describes or predicts

the equipment's capability or effectiveness In terms of the relevant parame-

tors. Mins nedel, thogh a.itis relatve47 cruea, vauld affw a

of determining the optimum, or nearly so, set of design parameters. Ditllis-

tic missile payloads are a case in point, where one convenient model of

effectiveness is the missile's potential capabi.Lity to survive enemy defenses

and damge or destroy what is called, a hardened "point" target. For this

mode! of effectiveness, the missile payload design-parameter-optimization

process is a simple mnuwrical 7rocedure. It is developed and d-monstrated

in this paper.

Each eleuent of a ballistic missile's payload--guidance, warhead, and

penetration aids--will increase in effectiveness with an increase of 'eight

allocat6. to the element. The ability to destroy a "point" target is depen-

dent an tha ability of the missile to i=)act within tbe lethal radius of the

target. This destruction capability, therefore, Is dependent upon: (a) the

guidance accuracy, which can be defined as a f uction of the guidance system

vight, and (b) the target lethal radius, which for a fixed tar6et hardness

can be defined as a fwuction of the missile varhead yield, wthich in tLrn is

depndnt upon the warhead weight.

The ability to survive the enemy defenses is dependent upon: (a) the

offensive tactic euployed, (b) the types, characteristics, and n=bers of

the penetration aids, (c) the type of defense, its strength, and its ability

to cope with the penetration aids. To determine the probability of surviving

ene:y defenses as a function of these several variables is indeed a difficult
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task and is presently confounded by many technical and operational uncertAin-

ties. However, persons studying this penetration problem feel that, to a

first-order appraziution, the ability to survive ICBM defenses can be des-

cribed as a function of the weigit devoted to penetration aids.

Etarting with the veight-ef.ectiveness relationships for each of the

ccpeting (for weight) elemnte, IL& problems of determining the opti=,im

division of payload for both single and multiple (sequential and siniiltaneous)

missile ezployment per target "will be for=iated and solved using a most

basic application of the stepwise ptimization. philosophy of dyusmic prorue-

ming. The simple aritbmtcal method that results will, then be demonstrated

by an exple. Following that, the uncertainties surrounding the true

operational context and the difficulties of making precise pre-design per-

formance estimates will be considered to indicate more clearly the limitations

on the utility of the metod developed.
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8INGLE IMISILE ?EM TARGET

PIR)BU2 P"IAM'IOR

A fix d missile payload, W, is to be divided ang three systes,

guidance, warhead, and penetration aids. The weight allocated to each sytit

must, for physicel and operational reasons, &r.isfy some minlim requirement,

guidance, v > v

warhead, Ww > v
0

Defetraticm aids, V > w
p P0

and be at levels such that the total payload is

g V p

The intent of the allocation is to maximize the missile's potential offensive

elffctivees, vbicn is defined as the probability that a missile destroys a
*

particular defended point target. Neglecting reliability consideratctis,

as it is assued that each element wil be. made as reliable as poasible for

a given weight, this neasure of effectiveness is given by

P W P a Pk

In general, the effectiveness of each missile of the type being designed
is to be maximized with respect to the cbaracter..stics of a particular class
of targets.

Depending on the use zade of this design aid, the weight Atimate em-
ployed in the analysis ahuld either be sufficiently gross so as to allow
for minor changes in design for reliability inpro.iet purposes (preliminjay
design of new systea), or sufficlently precise that no changes in equi;cDnt
are likely (mmrriage of off-the-sbelf itema).



vhexe:

P5 a P (th8 missile Survives enew defenses).

Pk 0 P (the missile falls within the target lethal radius), i.e., the

Single-shot kfIll probability.

These two probabilities are independent, and both are Panctions of their

veight allocations; p5 is a monotonicellv increasing function of v ; and pk

is a nczaliear function of vg9 and wv. The payload di vision problem shall be

formulated and solved using a two-step dy !ic vrO, ! - Btepvise optimi-

zation technique that for this problem is sily a directed search over cam-

binations of allocations.

)METID 0?7 SOUTION

The first stage iL the allocation process is to ex.aine the t.adeoff

betveen guidance accuracy and arhead yield and deternmne the levels of vg

Sid w' "tnich, for each fixed velght assigmaent Till maximize -.. For a

ci-cular ncml iipact ftstributlon and asvming a "cookie-cutter" destxaction

distrbuitia:" pk is given by

2
k 2

vhere

LB Ia the lethal radius of the target hardness-missile yield ccbination,

andi

CEP is the circ-lar error probble of the impact dlstr ibution.

The "cookie-cutter" destruct-on distribution aasumes a dichotomy of
lethaliUty due to blast damage from a nuclear vespon: target- of a &Iven hard-
ness tkht lie wi th'- the lethal radius of the veaon are destroyed while
targets outside t- ';tbal radius (or cookle'cutter") are not even damaged.
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For eachlevel of V vo v lat
i _-(u . cv)2

V > w

V > wW- w
0

vhere

W w +y
g V

Due to the fAorn of the function, the problem of finding that ccMbination

of w and v that mximizes (W) can be seen to be the same as findin. the

=ximum ratio LR/CEP for the given W.

By letting the functions defini the UI and CE? be IR h(v), and

g gw ) the pDroblem becomes; find those levels of irwand v ythat rylymize

h(V

subject to

V > Vg- g

v>v ,ad

w +V =W
V g

Then, for the nzi= level of f(W),

-[r) = )-2
p.(W) - 31. - 2 f w M~

if f( v) xi g(V ) -were wvell behaved aixi different-able throughout their

range, then analytical methods com:d be mp_!oyed for this problem. Mis,

hove er, aeed not be thie case, as these dependencies could be described by

step f,.ctim j, or indeed may be J'8t severa. discrete values re-pr eting

several existi-g designs.
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For dim rete levels of7 -" and " because cf the fPorm of f(W), this

&llcatioL proble= can be readily solved nimirically using a simple and firly

rapid search cver the reage of ecabinations of w and w possible for each W.

FOXlIyM , this search process is a besic application of Bell)n' s I ) method

of ex ining a series of auccessive approximations in policy space. This

method shall be demm trated by an example.

Having obtained nk(W) for several levels of I, this informatimn can be

utilized to fiJmd that level of - which i ;i:e

w < w < W D
PO - P -

This second-stage allocation problem c=f be solved by examining the

range of poesible allocations to v and an optimal cambination of w and V.

For each leval , of - ), the ccbinat_.cn that Yields the xirim P. is

known frm the first-stage of the problem and ther-efore the cobination of

(W - and P that yields a nex arw product, for each level of W, is the

ctim ccmbination. Uhe o-,tinizat-.on method, which is siilar in rat-re to

that employed in the first stage, will also be den=strated in the examle.

A discrete apprciztion is _loyed if the :%;nctions are contin~cus.
if more than ca defense mode is anticipated, p (i) coud be

remsat of an appropriate sub-cptimization process.



MULTIPLE -MI.M FEB TARGET

.S12ULTAWAJS EXP-YM -T

he preceding analysis was based u-Pcn the use of a single warhead per

missile and a single missile per target. If = -Itiple -missiles of identical

design, each with a single warhead, are eloyed sirltaneously against a

target, it apears reason ale to ezploy as an objective function, that is to

be iaxjrdzed

P nE (at least one of n missiles survives and destroy- the target).

Assuming ncm-crrelated impact errors and non-addlitive destruction effects,

this can be vritten as
P n ( -p s(n)p,,) n

where.,
(n)

PS r P (aurvival of each miss-le when n are si"aluaneoLzly emloyed).

By inspection it can be seen that P n w 1ll be a when ps(n)Pk 'a

a M%~m-M. The levels of vg w and v that maximize Dr(n) a can be obtained

a before, en D(n) is known.

No restrictions are nceesary on the form of ps(n) for tbis analysis: but

if multiple missiles are e~loyed, sirmiltaneausly, they should add mutual sU-

port to each othxr in penetrating the enemy defenses. It epears plaisible to

expect that since the effectiveness of penetration aids can be expresed in

term of pounds of aida eployed for a single nlssile, the saw, type of

relationship can be defined for multiple missile eploy ent. khere thb _ure-

%ed.ing anLlyzis i=licitly emloyed one ctnvre- describing p5 as a function of

v pm, ltiple warhead eiploymemnt would lead to a fa'=ily of z -=res a-:ch as:
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Num~ber of rnissiies
PS (WO) . ....... 2 simultoneously

I employed

(hundreds of lb pe, mnissile)

Fig. 1- Multiple missile survivol

For this case', then, depending on the anticipated e=ployment, several

sets of optimm allocations could be obtained for eacl: payload ueight. In

order tn be of use in the design process, an analysis using the mthod prob-

ably voi1A weed to be don~e vhen the missile is in the preliminary design

stage. It does not appear likely that the nmbger of missiles that will be

aloyed against a particular target would be knovn at that tinme. Indieed,

eve the mnuber of such missiles, to be procured and emlaced probably would

wot be known at that tim. Mioreover, because of failures during launch or

powered flight, or because of eneW actioni, the nuxmber of missiles that is

atlly euloyed siuiltaneously may be different than the number planned.

Tbarefore, a cowprtoiie based perhaps an som plausible or conhservative mnm-

bar of misailes per target probably would be necessary.

In cm~sidering the simzlt~ecus euloyment of purely penetration-aid

jaissiles (no v~etted) and~t purely warhead missiles (no penetration aids),

the foru of the objective function eloyed above wmild need to be oodifi-ed

to
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(re, n
Ps(mn) P (survival of each imrhead-carrying miasile when m penetration

aid and n werhead missiles are simultaneously enployed).

As before, Pn will be a =ximi when ps is a aximum. Under the

assu tious used the design of the warhe&d missile will be optimum at the

levels of vg and w that maximize pk; aid this can be obtained as before. On

the othr h (mn) in addition to depending on the levels of m and n,

would be a function of the mix betreen penetration aids and guidance on the

penetration-aid missile. A discussion of the desirability or design of a

penetration-aid missile is beyond the scope of this paper.

S YM T

Multiple missiles can also be employed in a sequential mner againzt a

target. In this case, because of m.intenance (a particular missile may be

'dain" awaiting maintenance when hostilities begin), and the operational and

reliability ccusiderations discussed above, it does not appoar plausible to

assign a rigid a priori sequence to a set of missiles that are to be directed

against a particular target. A fixed sequence could be difficult to obtain

operationally. Therefore, this analysis will be based upon the assumption

that all missiles of a class will have the save design parameters rather than

special payload designs geared to the anticipated sequence of exploy t. This

argument is stzengthened by the consideration that because of the changing

pattern of targets and of weapon demands, the number of weapons to be pro-

graxd against a target is probably also time-veariant. With these cosider-

atikma in mind, ten., the amnlysis will be dirciated to find a optimm division

of pzyload that in ixt of sequence of l"unch ad of the. number launched.
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CA1sidring the first case 6ftere two missiivs are e1loyed, and chang-

ing notaticn. slightly, for the first missile,

p, a P (first missile survives the defenses and destroys the target)

vhich is, as before
P (1)

P( s P (first missile survives)

For the second missile, as aing no additive effects of destruction so th .

alI the Pk are identical

P2 4 Pis(2)Pk

iihere, by decomposition

PS(2) = p (2/1) Ps) + PS(2/1) (l _ p(

Vbere
(2/1)

Pe ( P (missile two survives given that missile one survived)

(2/) a P (missile tvo sur,'ives given that missile ame did not suri-e)

bref oe,

P2 " [PS(2/1)Ps(I ) + Ps(2/ 1) (lI - PS (W ))] Pk

By making the conservative assucption that the enemy's missile defenze

bAh no va3nasmeo, e.g., has no rate-of-fire or stocl-pile limitations, it

can be stated that

PS(2/1) PS(1)

If it is postulated that the my's def s=es ld a-.ve either rate-
of-fim or st4,zile lieitatios, the sequential plo t ca pewtt.icm
a:d-csxrying missiles fol1ova by warhead-carr-in, mirs-Iie could sppear
inzevuatira. Ho ever, the desirability of that tactic and n d-ivisian of
the pentration-aid Wzsile payloas are pro._s- beyand th scope of this
pqer'. Uner them ode-of-estrcutin am rpiions emloyrA the wrhesd
missile's payload would obviously be desigzed for x pk as befov.
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Then

P pk ( 2 /  1  ) + p ) - (p(1))2]

-Pp I  ) +I- J(

" p P[PS(2/1) - Ps ( I )

where it anpears reaonable to asme tlat

p (2/1) > (1)
PS

and following from the previous asw utions about the enamy defewes,

pa (2/1) > p( W

=,y if the first missile damged the defenses.

let
a p, ;(2/1) - .(); <

then

P2 "- + A p

vbere It caa be reased that A p8 is detezr'xed prizarily by the enwW.

For two missiles, ecploying the se destructiom asmzutions as before,

it appears that a rea&Acble objective is to maxinize

P - P (at least cue missile survives the defenses and d rtroys the

- 1- ( - k,)'I- 2

1 0 . 13.1 (.- pi)(1- P," &PS )

'2 " P 2 - + P . -I " p,

Mis msas that the cmer-all probability of migsion success is dependent

Sboth A Pa. But, A PS is deperant _wmrily on Vhe defenses (haw
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they are buiilt, operated, etc.), and therefore, the offense should probably

plan an the wort caz, uhich is A p8 
1 3 . TMis mans that the defenses are

totally unaffected by tbae ~1oymeut of the first veapon.

Mvloying this conservative operational assunption then, the probleM

becus that of choosming levels of wg, w., and v, so as to maximize

P = 2 P -
2

f'.ts iB seem to be the probability that either of tvo missiles destroy

the tarLmjt, if each missile is of the sam design and mst penetrate the sawx

defen"e. This function izreases monotnically vith PI' is a mxim for P,

a minm , and therefore, the single missi-le per target data and optimization

method are applicable to this situation. Although developed for the two-

cspuxease, it can be seen by Induction that this result is applicable to

all mzbers of sequential missiles as long as the conservative assu;*tions

relattve to effecs on defenses and destruction phemomna remain reasonable.
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HBYY MCAL EXAMF!E OF APPLICATION

Assume that for a defended point target of given bardness, the ftmcticms

g(wg), h(C,) and ps(w ) are an givn in Fig. 2. Me first step ia the eightp
allocation process is to findi pk(W), for several levels of W. Mhis is drm

in labe 1.

able 1

M M4iNATI0'2 OF IXAXIMpk

alotion 1
ir

(1b) fwVg L 1~a k
I £

50 0.22 2oo 0.o48 o.97 0.03

600 0.25 20 4oo 0.063 0.96 o.o4

700 0.27 I 20 500 I 0.073 1 0.95 0.05

0.32 2o 6102 0.93 0.07

9w) 0.34 30 6oo o 0.2.16 0.92 0.08

I I
100 I 0.38 300 700 I 0.145 0.90 0.10f

o1w .2 300 8oo o.176 0.88 0.12

12Do 0.47 1 200 1000 0.221 0.86 o.14

130o o. 4 11 0 i0 0.292 0.82 0.18

140 0.62 200 12)O 1 0.385 0.77 0.23

f(500) is fi5xed '-y the- arbitrary constraints an v 9 ae v

1-00) -20 -_40t~ ~A300 2.00- zo
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f(600 iz the nwiimm of the two Ccubinatlon

h(20) = 043 4(300 0.4

f(700) Is the wad- of the three cabinatims

h(200). 043 h(nj o4 }w

As can be see, this process is straightforward and quite -tpid.

Me value of pk(W) as a function of W is now Liwvn. he second step

uses thi xWd p) and the associated mix be t m w and v to obtain the
9 V

mxln. value of P, for each level of W, or a partic-dlxr -- lue of W. he

proeedi=e for obtainirg P(W) is shown in .ble 2.

Table 2

] 4JIAT, CION OF MAM&M P

V 1 . Ir *

500 200 300 0.03 -t !
I ,

600 2)0 400 jo.04 --

700 30500 0.05 0.01ZX

800 3) 600 0.07 0.02 200

90 3 00 600 0.08 0.02 30

.1000 300 700 0.10 0.03Mb

1100 300 800 0.12 o.o14 3w3

62D0o 20 1000 c.14 o.o4 400

1300 20000O 0.:,8 0.05z 3X0

14o0 2o0 1200 o.23 o.o6 3o0

153o 0.07 3Do

*Repeted frcm Mble 1.
"O-s anamy is mused by the jur of p,(w) fr-m 0.05

to 0.07, i&ich in turn is a result of the miber of sigmifi-
cant figures eoploed.



P1,700) is fixed by the arbitrary ccostraints onl w,,V w nd v
9 p

P(70). (p2))(r(5o)) - (o-o)(o.0 3 )

P(800) is the nxzimam of the two ctbimatiou

p5(20)) 6p,(E01o)) - (0.40)(0.014)

(P.(3O)) (Pk(,o)) - (o.52)(oo3)

P(9O0) is the axim of tne three embinatons

Q BUW)) (Pk(70o)) - (0 -10o)(0 .05)

(P,(300)) f(00()) - (o.6o)(o.o3)

For th. bypatetical ei1e, %Wble 2 shmm that for the range of pay-

loui betveen 500 and 1500 :b, the -maue of P varies between 0.01 and 0.07,

md that the opti== w varies frm 200 to 4WO lb. "ible 2 &!so shaw the

beat aIocaticr. of veight to gidance and vwarnead for each level of W.

To find each ptiu di -ision cons-der, for exa !e, that the -'ssile

payZl~od is to be 1200 lb. For this case -oe wuld enter the table at

- 12DO lb, and read frm the P(w) colt that the raxi P(120) = 0 _04,

a t his is obtained using -,- 4O0. nie remining 30) lb is tc be divided

and w a Etea.ing the table agai "vith W - 8D0 ib, the cpt- =Lx

of vw and v is ead frcu their colL - and is seln to be

v 600 ib

Mi-s info 3&tjcm is presened on Fig. 3 for the entire range of missile pay-

lo&AS exvvind.
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LBUTATI0M OR tTLITY OF ME]TD

Th tod prsted vas develoced to solve a specific set of problemo.

It is essatially a asile method ana given the data required, vill afford

quantitative results far the optirization criteria ccnsidered. But, as was

su the mrnyvvii is based upon aeveral design and oratiomal corwideratims;

the very nature of vi ch will restrict the utility of the method for design

puroes. First, becaw of design, develcpment, and eplacmt time and

cots, it appers reassmable to expect that all missiles of a class will be

equipped vith idetca-l wheads, guidance packages and ientrst ion aids. Clu

the other baned, it miy be unreasonable to expect that all the targets for

these szylles vil have the sme -nalnerability and defenses. A design that

is cpt for, tay, te loymnt of a single missile against me ta rget

ccbinmtim of hdness an! defense capability my not be opt-iLi for the

emloynt Cf, say, tvo or three issiles agaist anotIer ta-get ccbinatica.

A logical comprmise might be, howcver, to choose the design that is opticm

for anticipated ecploywnt against the moat i.ortant set of targets and wbich

815 retains a high capability for other targets. 2 met hod of this paper

would be useful in this design rczise context.

Seccmiy, the guidance accuracy is, in general, dependent .Ton the range

to target, and all targets for a clas of missiles are certainly not at the

am rarge. Ere aapin, ccwr-m=ses would be xcesssary if this method is

Used.

A mze detailed azalyvis could possibly be empl-yed to take account of

natCy intrctable desa and e rpoyamt cw.tin. For aeie, an

anaytic etho probably could be developed that vould comsider the uxe of

the prorxed ais i against a large group of targets Cr varying vwtb

defense strength, and vulnerability. in the light of the problem raised
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abcre an during the analyses, hoever., it is not cl fr that a nore detailed

analysis is sated. The C zl decisions addressed in this paper vould

meed to be wde early in the RO progr for a missile, so voud d therefore

be Uumd c early equipmut (e.g., vhat will be the schiewable CE far a

given veight and range to target) and iC (;.g., vbat defenses 1ll

the e =loy for each target) estintes a early estimates of aaticipated

aopl - jmt (e.g., hcw iny issiles Vil be eloyed aginst each targe. and

witb -At timing). Each cf thxe could change substantially before the

misile beoame cperational, and1 the design that ws cptzim early in the RED

pro.a vmLd ultimately become only a cocwcuise.

ezs, then, the greatest varth of a pre-dasig l si using this

ethod or any siilar method, is that it va-ld focus attentix or. the inf'l.u

of the mv l rezired design, elment and intellia e estimtes cm the

cptln payload div-isic. A quatificatiom of this inl bence and an analysis

of the &wxltivity of the design to the rezge of estimate umertainty cotald

serve as a usful point of deparwrm for design camrcises. Depending cxi

the de&Tw of esltimte uncertainty, a sensitiv ty analysi a cc A str gtben

the appwwt utility of y particul r set of design parmters. ?ozrtmteLy,

the YZ of vmriables esployed in this analysis is mueficiently cmll that

the effects of mnertainty in a particular estimate could be clearly seen.
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